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Abstract. In this paper, we construct the Grothendieck ring of a class of 2n2-dimension
semisimple Hopf Algebras H2n2 , which can be viewed as a generalization of the 8-
dimension Kac-Paljutkin Hopf algebra K8. All irreducible H2n2 -modules are classified.
Furthermore, we describe the Grothendieck ring r(H2n2) by generators and relations ex-
plicitly.
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1. Introduction
In the 1960′s, Kac and Paljutkin (see [7]) discovered a non-commutative and non-cocommutative
semisimple Hopf algebraK8 of dimension 8. Later, Masuoka (see [14]) constructed this Hopf algebra
as an extension of k[C2×C2] by k[C2]. Recently, using Ore extension(see [2, 16, 25, 23, 12, 24, 28]),
an important method to constructing Hopf algebras, Pansera constructed an interesting class of
semisimple Hopf algebras H2n2 in [17]. These Hopf algebras H2n2 of dimension 2n
2 are neither
commutative nor cocommutative. In particular, the Hopf algebra K8 is just the Hopf algebra H8.
Therefore, H2n2 can be viewed as a generalization of the Kac-Paljutkin 8-dimensional Hopf algebra
K8.
The representations of H8 were studied in several papers such as [1] and [18]. It turns out that
the Hopf algebra H8 has 4 one-dimensional representations and a single two-dimensional simple
module. Recently, the weak Hopf algebra H˜8 corresponding to H8 was constructed in [19], the
representation ring of H˜8 was described and the automorphism group of r(H˜8) was proved to
isomorphic to the dihedral group D6 with order 12.
As is well known, the tensor product of finite dimensional representations of a Hopf algebra plays
an important role in the representation theory of Hopf algebras. Particularly, how to decompose a
tensor product of two indecomposable modules into a direct sum of indecomposable representations
has attracted numerous attentions. One method of addressing this problem is to take the tensor
product as the multiplication of the Green ring (or the representation ring) r(H), and to study
the ring properties of r(H). In [4], Cibils classified the indecomposable modules over kZn(q)/Id,
and gave the decomposition formulas of the tensor product of two indecomposable kZn(q)/Id-
modules. Yang determined the representation type of a class of pointed Hopf algebras, classified
all indecomposable modules of the simple pointed Hopf algebraR(q, a), and gave the decomposition
formulas of the tensor product of two indecomposable R(q, a)-modules(see [29]). It is noted that
some results of R(q, a) were recently extended to more general case of pointed Hopf algebras of
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rank one by Wang et al. (see [26]). Huang et al. computed the Clebsch-Gordan formulae and the
Green rings of connected pointed tensor categories of finite type (see [5]) and some tame hereditary
pointed tensor categories which are not finite(see [6]). Li and Hu described the Green rings of the 2-
rank Taft algebra(at q = −1)and its two relatives twisted by a representation theoretic analysis(see
[10]). Chen, Van Oystaeyen and Zhang gave the Green rings of the Taft algebra Hn(q) (see [3]).
Li and Zhang extended the results of [3], computed the Green rings of the Generalized Taft Hopf
algebras Hn,d by generators and generating relations, and determined all nilpotent elements in
r(Hn,d) (see [9]). Su and Yang (see [20]) studied the Green rings of the weak Generalized Taft Hopf
algebras r(ws(Hn,d)), showing that the Green rings of the weak Generalized Taft Hopf algebras was
much more complicated than its Grothendick ring. Su and Yang (see [21]) also characterized the
representation ring of small quantum group U¯q(sl2) by generators and relations. It turns out that
the representation ring of U¯q(sl2) is generated by infinitely many generators subject to a family of
generating relations. It is noted that most of the above results are obtained in the case of pointed
Hopf algebras.
In this paper, we will study the Grothendieck ring of a class of 2n2-dimension semisimple Hopf
algebras H2n2 , which is not pointed. All irreducible H2n2 -modules are classified. Furthermore, we
describe the Grothendieck ring r(H2n2 ) by generators and relations explicitly. It turns out that
r(H2n2 ) is a commutative ring generated by two elements subjecting to three relations for an odd
number n, and three elements with five relations for an even number n.
The paper is organized as follows. In Section 1, we give the definition of H2n2 in [17] by
generators and relations. It is noted that H2n2 is a quasi-triangular Hopf algebra. A complete
set of primitive central idempotents of H2n2 is constructed and its block decomposition is given.
In Section 2, all the finite dimensional irreducible representations of H2n2 are classified and the
decomposition formulas of the tensor product of two irreducible H2n2-modules are established. In
Section 3, we describe the Grothendieck ring r(H2n2 ) by generators and relations explicitly. Finally
we give some concrete examples for n = 2, 3, 4, · · · , 8.
Throughout this paper, we work over a fixed field k containing an n-th primitive root q of unity
and chark ∤ 2n2. For the theory of Hopf algebras and quantum groups, we refer to [8, 13, 15, 22].
2. The Hopf Algebras H2n2
In this section, let us recall the definition of the Hopf algebra H2n2 in [17].
Let R be a Hopf algebra with the antipode S, H = R[z;σ] be the Ore extension with the
σ−derivation 0, where σ is an automorphism of R as an algebra. Suppose that
(1) J ∈ R⊗R such that (σ, J) is a twisted homomorphism (the definition in detail see [17]),
(2) σ ◦ S = S ◦ σ and σ2 = id,
(3) there exists 0 6= t ∈ R such that (i) ∆(t) = J(σ ⊗ σ)(J)(t ⊗ t), (ii) t
∑
J
J1S(J2) = 1, (iii)
t
∑
J
σ(S(J1)J2) = 1, where J =
∑
J
J1 ⊗ J2 ∈ R⊗R.
Then H/〈z2 − t〉 is a finite dimensional Hopf algebra with the following structure
za = σ(a)z for all a ∈ R, ∆(z) = J(z ⊗ z), ε(z) = 1, and S(z) = z.
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In particular, if R = k〈x, y|xn = yn = 1, xy = yx〉 is a group algebra, where n > 1. We take
q ∈ k to be a primitive n-th root of unity and σ is an automorphism of R as an algebra defined by
xiys → xsyi, for 1 ≤ i, s ≤ n. We also take
J :=
1
n
n−1∑
i,j=0
q−ijxj ⊗ yi ∈ R⊗R.
Then the pair (σ, J) satisfies the above conditions (1)-(3). Therefore, we get a Hopf algebra H2n2
of dimension 2n2 as follows.
Definition 2.1. ([17]) Let n > 1 and q be a primitive n-th root of unity. The Hopf algebra H2n2
is the associative algebra generated by x, y and z, with the following relations
xn = 1, yn = 1,
xy = yx, zx = yz, zy = xz,
z2 =
1
n
n−1∑
i,j=0
q−ijxiyj .
The co-multiplication, counit, and antipode are as follows:
∆(x) = x⊗ x, ǫ(x) = 1, S(x) = x−1
∆(y) = y ⊗ y, ǫ(y) = 1, S(y) = y−1
∆(z) =
1
n
n−1∑
i,j=0
q−ijxiz ⊗ yjz, ǫ(z) = 1, S(z) = z.
One can check that (
n−1∑
i=0
xi
)n−1∑
j=0
yj
 (1 + z)
is the left and right integral of H2n2 . Therefore, it is easy to see that H2n2 is a non-commutative,
non-cocommutative semisimple Hopf algebra with the basis
{xiyj , xiyjz|0 ≤ i, j ≤ n− 1}.
For 0 ≤ j ≤ n− 1, set
ej =
1
n
n−1∑
i=0
q−ijxi, fj =
1
n
n−1∑
i=0
q−ijyi,
then {e0, e1, · · · , en−1} and {f0, f1, · · · , fn−1} are orthogonal idempotents of H2n2 respectively.
Let H be a finite dimensional Hopf algebra and R ∈ H ⊗ H an invertible element. The pair
(H,R) is said to be a quasi-triangular Hopf algebra and R is said to be a universal R-matrix of H ,
if the following three conditions are satisfied.
(i) ∆′(h) = R∆(h)R−1, for all h ∈ H ;
(ii) (∆⊗ id)(R) = R13R23;
(iii) (id⊗∆)(R) = R13R12;
Here ∆′ = T ◦ ∆, T : H ⊗ H → H ⊗ H,T (a ⊗ b) = b ⊗ a, and Rij ∈ H ⊗ H ⊗ H is given by
R12 = R⊗ 1, R23 = 1⊗R, R13 = (T ⊗ id)(R23).
Proposition 2.2. H2n2 is a quasi-triangular Hopf algebra.
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Proof. Indeed, let
R =
n−1∑
i=0
ei ⊗ y
−i =
1
n
n−1∑
i,j=0
q−ijxj ⊗ y−i.
It is easy to see that J = R−1 and it is straightforward to check that R satisfies the above three
conditions. Therefore H2n2 is a quasi-triangular Hopf algebra. 
It is well known that {eifj, eifjz|0 ≤ i, j ≤ n− 1} is also a basis of H2n2 , and any element a of
H2n2 can be written as
a =
n−1∑
i,j=0
(
aijeifj + bijeifjz
)
.
Denote the center of H2n2 by Z(H2n2). We have
Lemma 2.3. An element
a =
n−1∑
i,j=0
(
aijeifj + bijeifjz
)
∈ Z(H2n2)
if and only if aij = aji, and bij = 0 for i 6= j.
Proof. Assume that a ∈ Z(H2n2), then za = az. Note that
za = z
n−1∑
i,j=0
(
aijeifj + bijeifjz
)
=
n−1∑
i,j=0
(
aijejfiz + bijejfiz
2
)
=
n−1∑
i,j=0
(
aijejfiz + bijejfi
n−1∑
k=0
eky
k
)
=
n−1∑
i,j=0
(
aijejfiz + bijq
ijejfi
)
.
Similarly, we have
az =
n−1∑
i,j=0
(
aijeifjz + bijq
ijeifj
)
.
It follows that aij = aji and bij = bji for i 6= j. On the one hand,
xa = x
n−1∑
i,j=0
(
aijeifj + bijeifjz
)
=
n−1∑
i,j=0
(
aijq
ieifj + bijq
ieifjz
)
,
ax =
n−1∑
i,j=0
(
aijeifj + bijeifjz
)
x =
n−1∑
i,j=0
(
aijq
ieifj + bijq
jeifjz
)
.
It follows that bij = 0 for i 6= j since q
i 6= qj when i 6= j. On the other hand, if bij = 0 if i 6= j, it
is easy to see that ay = ya.
The proof is completed. 
Proposition 2.4. For the Hopf algebra H2n2 , the set{
1
2
eifi ±
1
2
q−
i
2
2 eifiz, i = 0, 1, · · · , n− 1
}⋃
{eifj + ejfi, i < j}
forms a complete set of primitive central idempotents.
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Proof. Let
c0 =
n−1∑
i<j
aij(eifj + ejfi), c1 =
n−1∑
i=0
(
aiieifi + biieifiz
)
.
By Lemma 2.3, an element c ∈ Z(H2n2 ) if and only if c = c0+ c1. If c is an idempotent in addition,
i.e., c2 = c, we have c20 + c
2
1 = c0 + c1. Note that
c20 =
n−1∑
i<j
aij(eifj + ejfi)
2 = n−1∑
i<j
a2ij (eifj + ejfi) ,
and
c21 =
n−1∑
i=0
(
aiieifi + biieifiz
)2
=
n−1∑
i=0
(
a2iieifi + 2aiibiieifiz + b
2
iieifiz
2
)
=
n−1∑
i=0
(
a2iieifi + 2aiibiieifiz + b
2
iieifi(
n−1∑
j=0
xjfj)
)
=
n−1∑
i=0
(
a2iieifi + 2aiibiieifiz + q
i2b2iieifi
)
.
Hence c2 = c if and only if c20 = c0 and c
2
1 = c1. One the other hand, c
2
0 = c0 implies that aij = 0
or aij = 1 for i 6= j. Therefore
c0 =
∑
some pairs (i,j) with i<j
(eifj + ejfi).
As for c1, the equality c
2
1 = c1 implies that a
2
ii + q
i2b2ii = aii and 2aiibii = bii.
If bii = 0, then a
2
ii = aii, and aii = 0 or aii = 1, it follows that c1 =
∑
some 0≤i≤n−1
eifi;
If bii 6= 0, then 2aii = 1, and bii = ±
1
2q
− i
2
2 , it follows that
c1 =
∑
some 0≤i≤n−1
(
1
2
eifi ±
1
2
q−
i
2
2 eifiz
)
.
It is known that all the elements in Proposition 2.4 are central idempotents and the sum of
these elements is 1. It is easy to see that H2n2(eifj) = (ejfi)H2n2 is minimal as left or right ideal
of H2n2 and dimH2n2(eifj) = 2. It follows that each central idempotents eifj + ejfi generates a
4-dimensional ideal of H2n2 . There are
n2−n
2 such central idempotents. Furthermore, there are 2n
central idempotents
1
2
eifi ±
1
2
q−
i
2
2 eifi
generates one dimension ideal of H2n2 . The sum of the dimension of these ideals is
2n+ 4 ·
n2 − n
2
= 2n2 = dimH2n2 .
This implies central idempotents eifj + ejfi and
1
2eifi ±
1
2q
− i
2
2 eifi are all primitive.
The proof is completed. 
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Corollary 2.5. As an algebra, we have
H2n2 = k
⊕2n ⊕M2(k)
⊕n
2
−n
2 .
3. representations of H2n2
As is known to all, H2n2 is semisimple. In the section, we give all the finite dimensional
irreducible H2n2 -modules and investigate the decomposition formulas of the tensor product of two
irreducible H2n2 -modules.
Set
σ(m) =
{
1, if 0 ≤ m ≤ n− 1;
−1, if n ≤ m ≤ 2n− 1.
Let Sm,m ∈ Z2n be a one-dimensional irreducible H2n2 -module with basis v
m, the actions of H2n2
on Sm are
x · vm = qmvm,
y · vm = qmvm,
z · vm = σ(m)q
m
2
2 vm.
It is easy to see that
ej · v
m =
1
n
n−1∑
k=0
q−kjxk · vm =
1
n
n−1∑
k=0
q−kj+kmvm =
{
0, j 6= m(mod n),
vm, j = m(mod n).
Let Si,j be the 2-dimensional irreducible H2n2-module with the basis v
ij
1 and v
ij
2 , where 0 ≤ i <
j ≤ n− 1, and the actions of H2n2 on Si,j are
x(vij1 , v
ij
2 ) = (v
ij
1 , v
ij
2 )
(
qi 0
0 qj
)
,
y(vij1 , v
ij
2 ) = (v
ij
1 , v
ij
2 )
(
qj 0
0 qi
)
,
z(vij1 , v
ij
2 ) = (v
ij
1 , v
ij
2 )
(
0 qij
1 0
)
.
It is easy to see that
ek · v
ij
1 =
{
0, k 6= i,
vij1 , k = i.
ek · v
ij
2 =
{
0, k 6= j,
vij2 , k = j.
By Corollary 2.5, we have
Proposition 3.1. The set
{Sm,m ∈ Z2n, } ∪ {Si,j, 0 ≤ i < j ≤ n− 1}
forms a complete list of non-isomorphic irreducible H2n2-modules.
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Let H be a finite dimensional Hopf algebra andM and N be two finite dimensional H-modules,
then M ⊗N is also an H-module defined by
h · (m⊗ n) =
∑
(h)
h(1) ·m⊗ h(2) · n
for all h ∈ H and m ∈M,n ∈ N , where ∆(h) =
∑
(h) h(1) ⊗ h(2). By the Krull-Schmidt Theorem,
any finite dimensional H-module can be decomposed into the direct sum of indecomposable H-
modules.
Suppose that Sm and Sm′ are two one dimensional irreducible H2n2-modules with the basis v
m
and vm
′
respectively. Then Sm⊗Sm′ is also an H2n2 -module with basis v
m⊗ vm
′
, and the actions
of H2n2 on Sm ⊗ Sm′ are as follows:
x · (vm ⊗ vm
′
) = qm+m
′
(vm ⊗ vm
′
),
y · (vm ⊗ vm
′
) = qm+m
′
(vm ⊗ vm
′
),
z · (vm ⊗ vm
′
) =
( n−1∑
i=0
ei ⊗ y
i
)
(z ⊗ z)(vm ⊗ vm
′
) = σ(m)σ(m′)q
m
2+m′
2
2
( n−1∑
i=0
ei ⊗ y
i
)
(vm ⊗ vm
′
)
= σ(m)σ(m′)q
m
2+m′
2
2
n−1∑
i=0
ei · v
m ⊗ qim
′
vm
′
=
{
σ(m)σ(m′)q
m
2+m′
2
2 · qmm
′
(vm ⊗ vm
′
), 0 ≤ m ≤ n− 1,
σ(m)σ(m′)q
m
2+m′
2
2 · q(m−n)m
′
(vm ⊗ vm
′
), n ≤ m ≤ 2n− 1.
Therefore, we have
Proposition 3.2. The following statements hold.
(1) Sm ⊗ Sm′ ∼= S(m+m′)(modn), for all 0 ≤ m,m
′ ≤ n− 1;
(2) Sm ⊗ Sm′ ∼= S(m+m′), for all 0 ≤ m ≤ n− 1, n ≤ m
′ ≤ 2n− 1 and n ≤ m+m′ ≤ 2n− 1;
or 0 ≤ m′ ≤ n− 1, n ≤ m ≤ 2n− 1 and n ≤ m+m′ ≤ 2n− 1;
(3) Sm⊗Sm′ ∼= S(m+m′−n), for all 0 ≤ m ≤ n−1, n ≤ m
′ ≤ 2n−1 and 2n ≤ m+m′ ≤ 3n−1;
or 0 ≤ m′ ≤ n− 1, n ≤ m ≤ 2n− 1 and 2n ≤ m+m′ ≤ 3n− 1;
(4) Sm ⊗ Sm′ ∼= S(m+m′)((mod 2n), for all n ≤ m,m
′ ≤ 2n− 1 and 2n ≤ m+m′ ≤ 3n− 1;
(5) Sm ⊗ Sm′ ∼= S(m+m′)((mod 3n), for all n ≤ m,m
′ ≤ 2n− 1 and 3n ≤ m+m′ ≤ 4n− 1.
Now we deal with the tensor product of one-dimension irreducible H2n2 -module and two-
dimension irreducible H2n2 -module. Suppose that Sm and Si,j are two H2n2 -modules, with basis
vm and vij1 , v
ij
2 respectively. Then Sm ⊗ Si,j is also an H2n2 -module with basis v
m ⊗ vij1 , and
vm ⊗ vij2 . The actions of H2n2 on Sm ⊗ Si,j are as follows:
x · (vm ⊗ vij1 ) = q
m+i(vm ⊗ vij1 ),
y · (vm ⊗ vij1 ) = q
m+j(vm ⊗ vij1 ),
z · (vm ⊗ vij1 ) =
( n−1∑
k=0
ek ⊗ y
k
)
(z ⊗ z)(vm ⊗ vij1 )
= σ(m)q
m
2
2
( n−1∑
k=0
ekv
m ⊗ ykvij2
)
= σ(m)q
m
2
2
+imvm ⊗ vij2 ,
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and
x · (vm ⊗ vij2 ) = q
m+j(vm ⊗ vij2 ),
y · (vm ⊗ vij2 ) = q
m+i(vm ⊗ vij2 ),
z · (vm ⊗ vij2 ) =
( n−1∑
k=0
ek ⊗ y
k
)
(z ⊗ z)(vm ⊗ vij2 ) = σ(m)q
m
2
2
+ij
( n−1∑
k=0
ekv
m ⊗ ykvij1
)
= σ(m)q
m
2
2
+ij+jmvm ⊗ vij1
Let ω1 = v
m ⊗ vij1 , ω2 = σ(m)q
m
2
2
+imvm ⊗ vij2 , then
x(ω1, ω2) = (ω1, ω2)
(
qm+i 0
0 qm+j
)
,
y(ω1, ω2) = (ω1, ω2)
(
qm+j 0
0 qm+i
)
,
z(ω1, ω2) = (ω1, ω2)
(
0 q(m+i)(m+j)
1 0
)
.
Similarly, Si,j ⊗ Sm is a H2n2 -module with basis v
ij
1 ⊗ v
m, and vij2 ⊗ v
m. The actions of H2n2
on Si,j ⊗ Sm are as follows:
x · (vij1 ⊗ v
m) = qi+m(vij1 ⊗ v
m),
y · (vij1 ⊗ v
m) = qj+m(vij1 ⊗ v
m),
z · (vij1 ⊗ v
m) = σ(m)q
m
2
2
+jmvij2 ⊗ v
m,
and
x · (vij2 ⊗ v
m) = qj+m(vij2 ⊗ v
m),
y · (vij2 ⊗ v
m) = qi+m(vij2 ⊗ v
m),
z · (vij2 ⊗ v
m) = σ(m)q
m
2
2
+ij+imvij1 ⊗ v
m
Let ω1 = v
ij
1 ⊗ v
m, ω2 = σ(m)q
m
2
2
+jmvij2 ⊗ v
m, then
x(ω1, ω2) = (ω1, ω2)
(
qi+m 0
0 qj+m
)
,
y(ω1, ω2) = (ω1, ω2)
(
qj+m 0
0 qi+m
)
,
z(ω1, ω2) = (ω1, ω2)
(
0 q(i+m)(j+m)
1 0
)
.
Therefore we have
Proposition 3.3. For H2n2-modules Sm and Si,j , where m ∈ Z2n and 0 ≤ i < j ≤ n− 1, we have
Sm ⊗ Si,j ∼= Sm+i(modn),j+m(modn) ∼= Si,j ⊗ Sm
Suppose that Si,j and Sk,l are two H2n2-modules, with basis v
ij
1 , v
ij
2 and v
kl
1 , v
kl
2 respectively.
Then Si,j⊗Sk,l is a H2n2 -module with basis v
ij
1 ⊗v
kl
1 , v
ij
2 ⊗v
kl
2 , v
ij
1 ⊗v
kl
2 and v
ij
2 ⊗v
kl
1 . The actions
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of H2n2 on Si,j ⊗ Sk,l are as follows:
x · (vij1 ⊗ v
kl
1 ) = q
i+k(vij1 ⊗ v
kl
1 ),
y · (vij1 ⊗ v
kl
1 ) = q
j+l(vij1 ⊗ v
kl
1 ),
z · (vij1 ⊗ v
kl
1 ) =
n−1∑
s=0
es · v
ij
2 ⊗ y
s · vkl2
= qjkvij2 ⊗ v
kl
2 ,
and
x · (vij2 ⊗ v
kl
2 ) = q
j+l(vij2 ⊗ v
kl
2 ),
y · (vij2 ⊗ v
kl
2 ) = q
i+k(vij2 ⊗ v
kl
2 ),
z · (vij2 ⊗ v
kl
2 ) = q
ij+kl
n−1∑
s=0
es · v
ij
1 ⊗ y
s · vkl1
= qij+kl+ilvij1 ⊗ v
kl
1 .
Set ω1 = v
ij
1 ⊗ v
kl
1 , ω2 = q
jkvij2 ⊗ v
kl
2 , then
x(ω1, ω2) = (ω1, ω2)
(
qi+k 0
0 qj+l
)
,
y(ω1, ω2) = (ω1, ω2)
(
qj+l 0
0 qi+k
)
,
z(ω1, ω2) = (ω1, ω2)
(
0 q(i+k)(j+l)
1 0
)
.
Similarly, we have
x · (vij1 ⊗ v
kl
2 ) = q
i+l(vij1 ⊗ v
kl
2 ),
y · (vij1 ⊗ v
kl
2 ) = q
j+k(vij1 ⊗ v
kl
2 ),
z · (vij1 ⊗ v
kl
2 ) = q
kl
n−1∑
s=0
es · v
ij
2 ⊗ y
s · vkl1
= q(j+k)lvij2 ⊗ v
kl
1 ,
and
x · (vij2 ⊗ v
kl
1 ) = q
j+k(vij2 ⊗ v
kl
1 ),
y · (vij2 ⊗ v
kl
1 ) = q
i+l(vij2 ⊗ v
kl
1 ),
z · (vij2 ⊗ v
kl
1 ) = q
ij
n−1∑
s=0
es · v
ij
1 ⊗ y
s · vkl2
= qi(j+k)vij1 ⊗ v
kl
2 .
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Set ω3 = v
ij
1 ⊗ v
kl
2 , ω4 = q
(j+k)lvij2 ⊗ v
kl
1 , then
x(ω3, ω4) = (ω3, ω4)
(
qi+l 0
0 qj+k
)
,
y(ω3, ω4) = (ω3, ω4)
(
qj+k 0
0 qi+l
)
,
z(ω3, ω4) = (ω3, ω4)
(
0 q(i+l)(j+k)
1 0
)
.
Therefore, we have
Lemma 3.4. For two H2n2-modules Si,j and Sk,l, where 0 ≤ i < j, k < l ≤ n− 1, we have
Si,j ⊗ Sk,l ∼= Si+k(mod n),j+l(modn) ⊕ Si+l(mod n),j+k(modn)
provided that i+ k 6= j + l(modn) and i+ l 6= j + k(modn).
Assume that i+ l ≡ j + k(modn), and i+ k 6= j + l(modn), set m = i+ l ≡ j + k(modn), one
sees that 0 ≤ m < n. Let
ω1 = v
ij
1 ⊗ v
kl
2 + q
m
2
2
−imvij2 ⊗ v
kl
1 , ω2 = v
ij
1 ⊗ v
kl
2 − q
m
2
2
−imvij2 ⊗ v
kl
1 ,
we have
x · ω1 = q
i+lvij1 ⊗ v
kl
2 + q
m
2
2
−im · qj+kvij2 ⊗ v
kl
1 = q
mω1,
y · ω1 = q
j+kvij1 ⊗ v
kl
2 + q
m
2
2
−im · qi+lvij2 ⊗ v
kl
1 = q
mω1,
z · ω1 = q
(j+k)lvij2 ⊗ v
kl
1 + q
(j+k)iq
m
2
2
−imvij1 ⊗ v
kl
2
= qm(m−i)vij2 ⊗ v
kl
1 + q
m
2
2 vij1 ⊗ v
kl
2 = q
m
2
2 ω1.
Similarly, we have
x · ω2 = q
mω2,
y · ω2 = q
mω2,
z · ω2 = −q
m
2
2 ω2.
Now it is easy to see that
Lemma 3.5. For two H2n2-modules Si,j and Sk,l, where 0 ≤ i < j, k < l ≤ n− 1, we have
Si,j ⊗ Sk,l ∼= Si+k(modn),j+l(modn) ⊕ Si+l(modn) ⊕ Sj+k(modn)+n
provided that i+ k 6= j + l(modn) and i+ l ≡ j + k(modn).
Assume that i+ l 6= j + k(modn), and i+ k ≡ j + l(modn), denote m = i+ k ≡ j + l(modn),
one sees that 0 ≤ m < n. Let
ω1 = q
m
2
2
−jkvij1 ⊗ v
kl
1 + v
ij
2 ⊗ v
kl
2 , ω2 = q
m
2
2
−jkvij1 ⊗ v
kl
1 − v
ij
2 ⊗ v
kl
2 ,
we have
x · ω1 = q
i+kq
m
2
2
−jkvij1 ⊗ v
kl
1 + q
j+lvij2 ⊗ v
kl
2 = q
mω1,
y · ω1 = q
j+lq
m
2
2
−jkvij1 ⊗ v
kl
1 + q
i+kvij2 ⊗ v
kl
2 = q
mω1,
z · ω1 = q
m
2
2 vij2 ⊗ v
kl
2 + q
ij+kl+ilvij1 ⊗ v
kl
1 = q
m
2
2 ω1.
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Similarly, we have
x · ω2 = q
mω2,
y · ω2 = q
mω2,
z · ω2 = −q
m
2
2 ω2.
Now it is easy to see that
Lemma 3.6. For two H2n2-modules Si,j and Sk,l, where 0 ≤ i < j, k < l ≤ n− 1, we have
Si,j ⊗ Sk,l ∼= Si+k ⊕ Sj+l ⊕ Si+l(modn),j+k(mod n).
provided that i+ k ≡ j + l(modn) and i+ l 6= j + k(modn),
Assume that i+ l ≡ j+k(modn), and i+k ≡ j+ l(modn). Then n has to be even and j = i+ n2 ,
l = k + n2 . So we have
Lemma 3.7. For two H2n2-modules Si,j and Sk,l, where 0 ≤ i < j, k < l ≤ n− 1, we have
Si,j ⊗ Sk,l ∼= Si+k ⊕ Sj+l ⊕ Si+l(mod n) ⊕ Sj+k(mod n)+n
provided that i+ k ≡ j + l(modn) and i+ l ≡ j + k(modn).
In summary, we have the following by Lemmas 3.4-3.7.
Proposition 3.8. For two H2n2-modules Si,j and Sk,l, we set
I1 = {0 ≤ i < j, k < l < n|i+ k ≡ j + l(modn)},
I2 = {0 ≤ i < j, k < l < n|i+ l ≡ j + k(modn)},
then we have
(1) Si,j ⊗ Sk,l ∼= Si+k(modn),j+l(modn) ⊕ Si+l(modn),j+k(mod n) if i, j, k, l /∈ I1 ∪ I2;
(2) Si,j ⊗ Sk,l ∼= Si+k ⊕ Sj+l ⊕ Si+l(modn),j+k(mod n) if i, j, k, l ∈ I1 − I2;
(3) Si,j ⊗ Sk,l ∼= Si+k(modn),j+l(modn) ⊕ Si+l(modn) ⊕ Sj+k(mod n)+n if i, j, k, l ∈ I2 − I1;
(4) n is even and Si,j ⊗ Sk,l ∼= Si+k ⊕ Sj+l ⊕ Si+l(modn) ⊕ Sj+k(modn)+n if i, j, k, l ∈ I1 ∩ I2.
4. Grothendieck ring of H2n2
Let H be a finite dimensional Hopf algebra and F (H) the free abelian group generated by the
isomorphism classes [M ] of finite dimensional H-modules M . The abelian group F (H) becomes a
ring if we endow F (H) with a multiplication given by the tensor product [M ][N ] = [M ⊗N ]. The
Green ring(or representation ring) r(H) of the Hopf algebra H is defined to be the quotient ring
of F (H) modulo the relations [M ⊕ N ] = [M ] + [N ]. It follows that the Green ring r(H) is an
associative ring with identity given by [kε], the trivial 1-dimensional H-module. Note that r(H)
has a Z-basis consisting of isomorphism classes of finite dimensional indecomposable H-modules.
The Grothendieck ring G0(H) of H is the quotient ring of F (H) modulo short exact sequences
of H-modules, i.e., [Y ] = [X ]+[Z] if 0→ X → Y → Z → 0 is exact. The Grothendieck ring G0(H)
possesses a basis given by isomorphism classes of simple H-modules. Particularly, if H is a finite
dimensional semi-simple Hopf algebra, then the Green ring r(H) is equal to the Grothendieck ring
G0(H) and is semi-simple(see [11], [27]).
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In this section we will describe the Grothendieck ring r(H2n2 ) of the Hopf algebraH2n2 explicitly
by the generators and the generating relations.
By Proposition 2.2, we have M ⊗N ∼= N ⊗M for any finite dimensional H2n2-modules M,N .
Therefore the Grothendieck ring r(H2n2) is commutative. Furthermore, r(H2n2 ) is semisimple
since H2n2 is a semisimple.
Let Ft(y, z) be the generalized Fibonacci polynomials defined by
Ft+2(y, z) = zFt+1(y, z)− yFt(y, z)
for t ≥ 1, while F0(y, z) = 0, F1(y, z) = 1, F2(y, z) = z. These generalized Fibonacci polynomials
appeared in [3] and [9].
Lemma 4.1. [3, Lemma 3.11] For t ≥ 2 have
Ft(y, z) =
[ t−12 ]∑
i=0
(−1)i
(
t− 1− i
i
)
yizt−1−2i
where
[
t−1
2
]
denotes the biggest integer which is not bigger than t−12 .
Let a = [S1], b = [Sn+1] and c = [S0,1]. By Lemma 3.2 and Proposition 3.8, we have
Lemma 4.2. The following statements hold in r(H2n2 ) if n is odd.
(1) For all i ∈ Z2n, we have
bi =

{
[Sn+i], i < n;
[Si], i ≥ n,
, i is odd;

[Si], i < n;
[Si−n], i > n;
[S0] = 1, i = 2n;
, i is even.
(2) [S0,i+1]=
{
c2 + bn+1 + b, i = 1;
c[S0,i]− b[S0,i−1], 1 < i ≤ n− 2;
(3) For all 1 ≤ i < n,
[S0,i]b
j =
{
[Sj,i+j ], i+ j < n;
[S0,j], i+ j = n;
and [S0,i]b
n = [S0,i];
(4) [S0,i][S0,n−i] = 1 + b
n + bi[S0,n−2i] for all 1 ≤ i ≤
n−1
2 .
In particular, we have cbi = [Si,i+1] for 0 ≤ i ≤ n− 2, cb
n−1 = [S0,n−1], and cb
n = c.
Lemma 4.3. The following statements hold in r(H2n2 ) if n is even.
(1) ai = [Si], for all 1 ≤ i ≤ n− 1, and a
n = 1.
(2) bi=

[Sn+i], 0 < i < n, i = 2k + 1;
[Si], 0 < i < n, i = 2k;
1, i = n.
(3) aib = [Sn+i+1] for 0 ≤ i < n− 1 and a
n−1b = [Sn].
(4) cbi = cai = [Si,i+1] for 0 ≤ i ≤ n− 2, cb
n−1 = can−1 = [S0,n−1].
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(5) [S0,i+1]=
{
c2 − a− b, i = 1;
c[S0,i]− b[S0,i−1], 1 < i ≤ n− 2;
(6) For all 1 ≤ i < n, [S0,i]b
j=
{
[Sj,i+j ], i+ j < n;
[S0,j ], i + j = n;
(7) [S0,i][S0,n−i] = 1 + a
n−1b+ bi[S0,n−2i] for all 1 ≤ i ≤
n−1
2 .
(8) [S0,1]
2 = 1 + ab+ a+ b for n = 2.
Proposition 4.4. Suppose that n is odd, we have
[S0,m+2] =
[m+22 ]∑
i=0
(−1)i
(
m+ 2− i
i
)
bicm+2−2i −
[m2 ]∑
i=0
(−1)i
(
m− i
i
)
bn+1+icm−2i. (3.4)
for 0 < m < n− 2.
Proof. The result is proved by induction. Note that
[S0,1] = c, [S0,2] = c
2 − bn+1 − b,
and
[S0,i+1] = c[S0,i]− b[S0,i−1]
for 1 < i < n− 1. Thus
[S0,3] = c[S0,2]− b[S0,1] = c
3 − cbn+1 − bc− bc = c3 − 3bc.
This equals to the right hand side of (3.4) for m = 1. Hence (3.4) holds for m = 0, 1.
Now suppose that (3.4) holds for m,m+ 1, then for m+ 2 we have
[S0,m+2] = c[S0,m+1]− b[S0,m]
= c
(
Fm+2(b, c)− b
n+1Fm(b, c)
)
− b
(
Fm+1(b, c)− b
n+1Fm−1(b, c)
)
=
(
cFm+2(b, c)− bFm+1(b, c)
)
− bn+1
(
cFm(b, c)− bFm−1(b, c)
)
= Fm+3(b, c)− b
n+1Fm+1(b, c)
The proof is finished by Lemma 4.1. 
Proposition 4.5. Suppose that n is even, we have
[S0,m+2] =
[m+22 ]∑
i=0
(−1)i
(
m+ 2− i
i
)
bicm+2−2i − a
[m2 ]∑
i=0
(−1)i
(
m− i
i
)
bicm−2i. (3.5)
for 0 < m < n− 2.
Proof. It is noted that [S0,2] = c
2 − a − b and ca = cb. Now the proof is similar to that of
Proposition 4.4. 
As a consequence, we have
Corollary 4.6. Keeping notations as above. Then
(1) The set {bk | 0 ≤ k ≤ 2n − 1} ∪ {cibj | 1 ≤ i ≤ n−12 , 0 ≤ j ≤ n − 1} forms a Z-basis of
r(H2n2 ) provided that n is odd.
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(2) The set {aibj | 0 ≤ i ≤ n − 1, j = 0, 1} ∪ {cibj | 1 ≤ i < n2 , 0 ≤ j ≤ n − 1} ∪ {c
n
2 bj | 0 ≤
j < n2 } forms a Z-basis of r(H2n2 ) provided that n is even.
Proof. (1) By Lemma 4.2, b2n = 1 and there is a one to one correspondence between the set
{bi | 0 ≤ i ≤ 2n−1} and the set of one-dimensional irreducible H2n2 module {[Si] | 0 ≤ i ≤ 2n−1}.
Moreover, for all 0 < i < n, [S0,i]b
n−i = [S0,n−i], hence for
n−1
2 < i < n, [S0,i] can be obtained by
[S0,n−i]b
i. By Proposition 4.4, [S0,i] is a Z-polynomial with b and c, and the highest degree of c
in this polynomial is just i. Furthermore, cbn = c and [S0,i]b
j = [Sj,i+j ], i+ j < n. Consequently,
all the two-dimensional irreducible H2n2-modules {[Si,j ] | 0 ≤ i < j ≤ n − 1} can be obtained by
a Z-linear combination of {
cibj | 1 ≤ i ≤
n− 1
2
, 0 ≤ j ≤ n− 1
}
and {bi | 0 ≤ i ≤ 2n− 1}. The result is obtained.
(2) By Lemma 4.3, an = 1 and [Si] = a
i when 0 ≤ i ≤ n− 1, [Sn] = a
n−1b and [Sn+i+1] = a
ib,
0 ≤ i < n − 1. Hence there is a one to one correspondence between the set {aibj | 0 ≤ i ≤
n− 1, j = 0, 1} and the set of one-dimensional irreducible H2n2 module {[Si] | 0 ≤ i ≤ 2n− 1}. On
the other hand, for all 0 < i < n, [S0,i]b
n−i = [S0,n−i], hence for
n
2 < i < n, [S0,i] can be obtained
by [S0,n−i]b
i. By Proposition 4.5, [S0,i] is a Z-polynomial with a, b and c, where a appeared in
[S0,i] if and only if i is even, and the highest degree of a in [S0,i] is 1, since cb = ca, while the
highest degree of c in [S0,i] is i. Hence {[S0,i] | 1 ≤ i ≤ n − 1} is a Z-linear combination of
{cibj | 1 ≤ i ≤ n2 , 0 ≤ j ≤ n− 1} and {a
ibj | i = 0, 1, 0 ≤ j ≤ n− 1}. It is noted that
[S0,n
2
]b
n
2 = [S0,n
2
], [S0,i]b
j = [Sj,i+j ], i+ j < n,
and the number of elements in{
aibj | 0 ≤ i ≤ n− 1, j = 0, 1} ∪ {cibj | 1 ≤ i <
n
2
, 0 ≤ j ≤ n− 1} ∪ {c
n
2 bj | 0 ≤ j <
n
2
}
is just 2n+ n
2−n
2 . Hence we get the result. 
By Corollary 4.6, the ring r(H2n2 ) is the quotient ring of Z[ y, z ] if n is odd, and r(H2n2 ) is the
quotient of the ring Z[x, y, z ] if n is even.
Theorem 4.7. Suppose that n is odd and n ≥ 3, denote m := n−12 , then the Grothendieck ring
r(H2n2 ) is isomorphic to the quotient ring of the ring Z[ y, z ] module the ideal I generated by the
following elements
y2n − 1, zyn − z,
and
zm+1 − zmym+1 +
[m+12 ]∑
i=1
(−1)i
(
m+ 1− i
i
)
yizm+1−2i
−
[m2 ]∑
i=1
(−1)i
(
m− i
i
)
ym+1+izm−2i
− yn+1Fm(y, z) + y
m+n+2Fm−1(y, z).
Proof. By Corollary 4.6, when n is odd, the ring r(H2n2 ) is generated by b and c. Hence there is
a unique ring epimorphism
Φ : Z[ y, z ]→ r(H2n2 )
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from Z[ y, z ] to r(H2n2 ), such that
Φ(y) = b = [Sn+1], Φ(z) = c = [S0,1].
Since
b2n = 1, cbn = c,
By Lemma 4.2, we have
Φ(y2n − 1) = 0, Φ(zyn − z) = 0.
Note that by Lemma 4.2 and proposition 4.4, [S0,m+1] = Fm+2(b, c)−b
n+1Fm(b, c), and [S0,m+1] =
[S0,m]b
m+1, thus we have
Fm+2(b, c)− b
n+1Fm(b, c) = b
m+1Fm+1(b, c)− b
m+n+2Fm−1(b, c),
i.e.,
cm+1 − cmbm+1 +
[m+12 ]∑
i=1
(−1)i
(
m+ 1− i
i
)
bicm+1−2i
−
[m2 ]∑
i=1
(−1)i
(
m− i
i
)
bm+1+icm−2i
− bn+1Fm(b, c) + b
m+n+2Fm−1(b, c) = 0.
therefore Φ maps the element
zm+1 − zmym+1 +
[m+12 ]∑
i=1
(−1)i
(
m+ 1− i
i
)
yizm+1−2i
−
[m2 ]∑
i=1
(−1)i
(
m− i
i
)
ym+1+izm−2i
− yn+1Fm(y, z) + y
m+n+2Fm−1(y, z)
to 0. It follows that Φ(I) = 0, and Φ induces a ring epimorphism
Φ : Z[ y, z ]/I → r(H2n2),
such that Φ(v) = Φ(v) for all v ∈ Z[ y, z ], where v = π(v) and π is the natural epimorphism
Z[ y, z ]→ Z[ y, z ]/I.
Note that the ring r(H2n2 ) is the free Z-module of rank 2n+
n(n−1)
2 , with the Z-basis
{cibj | 1 ≤ i ≤
n− 1
2
, 1 ≤ j ≤ n− 1} ∪ {bk | 0 ≤ k ≤ 2n− 1},
we can define a Z-module homomorphism
Ψ : r(H2n2 )→ Z[ y, z ]/I,
cibj → ziyj , bk → yk,
where 1 ≤ i ≤ n−12 , 0 ≤ j ≤ n− 1, 0 ≤ k ≤ 2n− 1.
On the other hand, as a free Z-module, Z[ y, z ]/I is generated by elements ziyj and yk, 1 ≤ i ≤
n−1
2 , 0 ≤ j ≤ n− 1, 0 ≤ k ≤ 2n− 1, We have
ΨΦ(ziyj) = ΨΦ(ziyj) = Ψ(cibj) = ziyj ,
ΨΦ(yk) = ΨΦ(yk) = Ψ(bk) = yk,
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for all 1 ≤ i ≤ n−12 , 0 ≤ j ≤ n− 1, 0 ≤ k ≤ 2n− 1. Hence ΨΦ = id, and Φ is injective. Thus, Φ is
a ring isomorphism. 
Let 〈f1, · · · , fm〉 denote the ideal generated by polynomials f1, · · · , fm in some Z-polynomial
ring.
Example 4.8. The following three examples can be obtained easily from Theorem 4.7.
• r(H2·32) ∼= Z[ y, z ]/〈y
6 − 1, zy3 − z, z2 − zy2 − y4 − y〉,
• r(H2·52) ∼= Z[ y, z ]/〈y
10 − 1, zy5 − z, z3 − z2y3 − 3zy + y4 + y9〉,
• r(H2·72) ∼= Z[ y, z ]/〈y
14 − 1, zy7 − z, z4 − z3y4 + 3zy5 − 4z2y + y9 + y2〉.
Then we have the following
Theorem 4.9. Suppose that n is even.
(a) if n = 2, then
r(H8) ∼= Z[x, y, z ]/〈y
2 − 1, x2 − y2, zx− zy, z − zy, z2 − x− y − xy − 1〉;
(b) if n > 2 and we denote m := n2 , then r(H2n2) is isomorphic to the quotient ring of the ring
Z[x, y, z ] module the ideal I generated by the following elements
xn − 1, x2 − y2, zx− zy
and
zm − zmym +
[m2 ]∑
i=1
(−1)i
(
m− i
i
)
yizm−2i
−
[m2 ]∑
i=1
(−1)i
(
m− i
i
)
ym+izm−2i
− xFm−1(y, z) + xy
mFm−1(y, z),
zm+1 − zm−1ym+1 +
[m+12 ]∑
i=1
(−1)i
(
m+ 1− i
i
)
yizm+1−2i
−
[m−12 ]∑
i=1
(−1)i
(
m− 1− i
i
)
ym+1+izm−1−2i
− xFm(y, z) + xy
m+1Fm−2(y, z).
Proof. Let
Φ : Z[x, y, z ]→ r(H2n2 )
be the ring epimorphism from Z[x, y, z ] to r(H2n2 ) such that
Φ(x) = a = [S1], Φ(y) = b = [Sn+1], Φ(z) = c = [S0,1].
By Lemma 4.3, we have
an = 1 = bn, b2 = a2, ca = cb.
and when n = 2, we have c = cb, and c2 = 1 + ab + a + b; when n > 2, we have [S0,m+1] =
[S0,m−1]b
m+1, and [S0,m] = [S0,m]b
m. By Proposition 4.5 and Corollary 4.6, the result can be
shown as that of Theorem 4.7. 
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Example 4.10. We have the following examples.
• r(H2·42) ∼= Z[x, y, z ]/〈y
4− 1, x2− y2, zx− zy, z2− z2y2− y+ y3−x+xy2, z3− zy3− 3yz〉;
• r(H2·62) ∼= Z[x, y, z ]/〈y
6 − 1, x2 − y2, zx− zy, z3 − z3y3 − 3yz + 3y4z, z4 − z2y4 − 4yz2 +
y2 + y5 + xy + xy4〉;
• r(H2·82) ∼= Z[x, y, z ]/〈y
8 − 1, x2 − y2, zx− zy, z4− z4y4 − 4z2y+ 4z2y5 − xy5 − y6 + xy +
y2, z5 − z3y5 − 5z3y + 5zy2 + 3zy6〉.
Remark 4.11. The ring r(H8) was considered earlier in [19]. It is the same as Theorem 4.9(a).
5. Conclusion
We have described the Grothendieck ring of a class of 2n2-dimension semisimple Hopf Algebras
H2n2 by generators and relations explicitly. For the Grothendieck ring, it is interesting to determine
its automorphism group and its Casimir number. This will be studied in our future works.
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